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Abstract

ZAMBON, G. Quantum dynamical mappings and Markovianity. 2021. 28p. Course conclusion

work. São Carlos Institute of Physics, University of São Paulo, São Carlos, 2021.

The description of the evolution of open quantum systems is a topic of great interest both for its wide

range of technological applications and for the understanding of fundamental aspects of quantum

theory. In this context, the quantum dynamical mappings formalism is a widely used tool for generally

characterizing open systems dynamics. Nonetheless, for this formalism there is no agreement on how

to define Markovianity, which is an extremely important concept for most informational analysis

of quantum systems. In this undergraduate thesis we compare the quantum dynamical mappings

framework with the stochastic processes theory, which has a precise definition of Markovianity, and

show that there is a fundamental difference between them that prevents us from properly defining

Markovianity in the quantum case. In the end, we briefly present an alternative approach, the process

tensor framework, in which is possible to consistently define quantum Markovianity. We then argue

that, for this reason, the process tensor framework might be more adequate than quantum dynamical

mappings for generally describing the evolution of open quantum systems.

Keywords: Quantum dynamical mappings. Quantum operations. Markovianity. Divisibility.
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1 Introduction

Quantum theory is one of the most successful physical theories. For the last one hundred years it

has been proving itself to be the correct way to describe a wide variety of physical systems, if not all

of them. Despite being such a well consolidated theory, there are still many ongoing debates on some

aspects of its underlying formal structure. The one we focus here is on how to describe the evolution

of open quantum systems.

Since John von Neumann’s 1932 seminal work, the mathematical structure of quantum theory

remains nearly untouched. (1) It is based on four axioms that could be listed as: description and

composition of quantum systems, evolution of closed systems and measurement. Notice that the most

general description of the evolution of quantum systems should also address open systems, but this is

not made explicit on the axioms that define quantum theory.

The first serious approach to this problem was made by Jordan and Sudarshan in their 1961 (2)

and 1962 papers. (3) The authors proposed that, in general, the evolution of quantum systems should

be simply the one given by operators that preserve the properties of quantum states. By consider-

ing a family of these operators that map the initial state of the system to some later state, we could

obtain a complete description of the physical process. This approach to the evolution of quantum sys-

tems became known as quantum dynamical mappings (or also quantum dynamical maps or quantum

operations).

In the subsequent decades it turned out that the quantum dynamical mappings framework was a

powerful tool for generally describe the dynamics of open quantum systems. Much of the progress

on quantum theory made then was entirely based on this approach, specially for quantum information

related fields like quantum data processing (4), quantum error correction (5), quantum computation

(6) and quantum process tomography. (7)

In the first years of the twenty-first century, however, a new problem was raised by quantum

information physicists. Mainly motivated by the common objective of building a quantum computer,

the studies of quantum information storing and processing converged towards a fundamental question:

Which quantum processes keep information from the past and which do not? An answer to this

question would be useful as systems that keep information could be used for storing it, while systems

that do not keep information are usually easier to describe, so they could be used to model different

types of environments.
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In order to characterize which quantum processes do not have memory of their past states, Rivas,

Huelga and Plenio pointed out that there were a lot of similarities between quantum dynamical map-

pings and the stochastic processes formalism, so that it would be interesting to borrow the notion of

Markovianity from stochastic processes to quantum theory. (8) They realized that a direct extension

of the definition would not be possible for quantum dynamical mappings as, despite the similarities,

there was a difference between the two formalisms related to the measurement process.

In this context, many non-equivalent proposals of definitions for Markovianity of quantum dynam-

ical mappings were made, like the monotonicity of some information quantifier (9), the divisibility

of the dynamics (10), the detection of initial correlations (11), changes to quantum coherence (12),

channels capacity (13) and positivity of quantum maps. (14) Each one of these definitions resembles

some aspect of the original definition for stochastic processes, but there is no agreement on which

definition should be taken as the correct one.

More recently, it has been shown that the problem behind defining quantum Markovianity lies on

the structure of quantum dynamical mappings formalism: its way of describing the dynamics does

not have the necessary element for such a definition. (15) While Markovianity is a property on the

multi-time correlations of a process, a quantum dynamical mapping provides only a set of two-time

correlations.

The purpose of this undergraduate thesis is to discuss the aforementioned aspects of the definition

of quantum Markovianity. It is structured as follows: in Chapter 2 we present the stochastic processes

theory; in Chapter 3 we formalize quantum dynamical mappings by establishing the relations between

quantum theory and stochastic processes theory; in Chapter 4 we discuss some of the proposed defi-

nitions of quantum Markovianity and argue why it is not possible to properly define Markovianity for

quantum dynamical mappings; finally, in Chapter 5 we present some conclusions and final remarks.
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2 Stochastic Processes

We begin this chapter by briefly introducing the basic concepts of probability theory, which then

allow us to define stochastic processes. The main objective here is to present and discuss the properties

of divisibility and Markovianity and the relation between them. We also show some simple examples

of stochastic processes to clarify how these properties are related with the approach we use to describe

the process.

Probability theory - A probabilistic experiment is an experiment whose outcome is not known

before its realization despite the set of all possible outcomes being known in advance. This set is

called the sample space S of the probabilistic experiment. (16)

Any subset E of the sample space is called an event. A probability function p(E) is a function

that maps events into real numbers and satisfy the Kolmogorov axioms:

(a) 0 ≤ p(E) ≤ 1;

(b) p(S) = 1;

(c) p(∪∞
i=1Ei) =

∑∞
i=1 p(Ei), if Ei ∩ Ej = ∅ for i ̸= j.

Let p(E,F ) := p(E ∩F ) be the joint probability of events E and F , i.e., the probability that both

events occur in a probabilistic experiment. Then, the probability that event E occurs given that event

F has already occurred is a conditional probability, which is defined as

p(E|F ) := p(E,F )

p(F )
, for p(F ) > 0. (2.1)

In most probabilistic experiments we are interested in the calculation of some function of the

outcomes, which might be a difficult task considering the outcomes are subsets of the sample space

and not numbers. A function X(E) that associates outcomes of the experiment (events) with real

numbers is called a random variable.

Stochastic processes - When studying some probabilistic experiment that evolves on time, the

adequate approach is to use a different random variable for each instant of time. A stochastic process

is a family {Xt}t of random variables, in which Xt is the random variable associated to the proba-

bilistic experiment at time t, and the time variable t may belong to some (discrete) set {t0, t1, ..., tn}

or some (continuous) interval [t0, tf ]. (17) From now on, for sake of simplicity and agreement with

the quantum case, we only consider discrete-time evolutions.



12

In a stochastic process, at each instant of time ts the possible outcomes are denoted by xs. We

shall refer to the probability vector p(xs, ts) := (p(x1, ts), p(x2, ts), ..., p(xm, ts)) as describing the

state of the stochastic process at some instant ts1.

The joint probability p(xn, tn;xn−1, tn−1; ...;x1, t1;x0, t0) provides the probability that the events

xs occur at times ts. The stochastic process is fully described by a complete family of joint probabil-

ities, that is, the probabilities of all possible combinations of outcomes happening at each instant of

time.

Considering that any outcome might only be affected by the outcomes that happened before it and

might only affect the outcomes that will happen after it, the natural way to define a conditional joint

probability for a stochastic process is

p(xn, tn; ...;xs+1, ts+1|xs, ts; ...;x0, t0) :=
p(xn, tn; ...;x0, t0)

p(xs, ts; ...;x0, t0)
, for p(xs, ts; ...;x0, t0) > 0. (2.2)

It follows naturally from this definition that the probability of obtaining any outcome xs at some

time ts may be written in terms of the probabilities of the possible outcomes xr in some prior time tr

p(xs, ts) =
∑
xr

p(xs, ts|xr, tr)p(xr, tr), (2.3)

or in matrix form, writing the probability vector as a column matrix,

p(x1, ts)

p(x2, ts)

.

.

.


= T (ts, tr)



p(x1, tr)

p(x2, tr)

.

.

.


, (2.4)

where T (ts, tr) is the transition matrix (from time tr to time ts), whose elements are defined as

Tij := p(xi, ts|xj, tr), from which follows that it is a stochastic matrix2.

Divisibility - A stochastic process is called divisible if the intermediate transition matrices T (ts, tr)

satisfy the Chapman-Kolmogorov condition

T (ts, t0) = T (ts, tr)T (tr, t0), (2.5)

for all 0 < r < s ≤ n 3.

1It is actually far more common in the literature to refer to the outcome that occurred at some instant as being the state of
the process at that instant. We choose to call the probability vector the state of the system for an easier later connection
with the quantum case.

2Stochastic matrices are those that satisfy the positivity and normalization conditions: Tij ≥ 0,
∑

i Tij = 1, ∀i, j.
3If you search for the word “divisibility” in any stochastic processes textbook you will only find the concept of “Infinite
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When we ask if a certain stochastic process is divisible what we want to know is: Is it possible

to obtain the correlation between any two given non-consecutive instants of time if we know the

correlation between each of the instants and some intermediate time?4 If the answer is yes, then the

process is divisible. If the answer is no, then the process is not divisible.

Notice that if we have the initial state p(x0, t0) of the stochastic process and the complete family of

transition matrices {T (ts, tr)}ns>r≥0 we could obtain the bipartite marginal probabilities {p(xs, ts;xr, tr)}ns>r≥0

relating every pair of instants of time of the stochastic processes. This means that a description of the

process based on the transition matrices is equivalent to the one based on the set {p(xs, ts;xr, tr)}ns>r≥0.

Considering that the Chapman-Kolmogorov condition might be written just in terms of the bipar-

tite marginals as

p(xs, ts;xq, tq) =
∑
xr

p(xs, ts;xr, tr)p(xr, tr;xq, tq)

p(xr, tr)
, for all 0 ≤ q < r < s ≤ n, (2.6)

it follows that it is possible to verify if the process is divisible even in the case in which we only know

the bipartite marginal distributions. This fact together with the intuition we gave on the correlations

of a divisible process provide us with an important remark on divisibility: divisibility is a property

related to the two-time correlations of a given stochastic process.

It is important to notice that the bipartite marginals can be obtained from the complete family of

joint probabilities, but cannot be used to reconstruct them.

Markovianity - A stochastic process is called Markovian if, for the whole family of joint proba-

bilities describing it, it is true that

p(xs+1, ts+1|xs, ts;xs−1, ts−1; ...;x0, t0) = p(xs+1, ts+1|xs, ts), for all 0 < s < n. (2.7)

One way to phrase this property is to say that in a Markovian process the state of the system at

the future time ts+1 depends only on the state of the system at the present time ts and not on any past

divisibility”, which has nothing to do with what we are defining here. It seems like the definition of divisibility of
stochastic processes was imported by physicists from quantum theory to probability theory in Ref. (8) in order to study
the relation between divisibility and Markovianity. However, the definition presented there is not clear in a few aspects:
first, the authors define the transition matrix as the one that connects the probability vectors from two instants of time,
but they never mention the fact that such a matrix is not uniquely defined; second, the authors state that the elements
of the intermediate transition matrices are not always the conditional probabilities, but by comparing Eq. (2.4) with the
Law of Total Probability P (A) =

∑
n P (A|Bn)P (Bn) one can conclude that the matrix of conditional probabilities

is always a transition matrix of any two given probability vectors; third, the authors define divisible processes as those
whose intermediate transition matrices are stochastic and satisfy the Chapman-Kolmogorv condition, but again it is not
mentioned which of the possible transition matrices they are referring to. Based on Ref. (15), we avoid all these issues by
defining the transition matrices exactly as those whose elements are the conditional probabilities. Since this guarantees
that they are stochastic matrices, our definition of divisibility relies only on the Chapman-Kolmogorov condition.

4By “correlation” here we do not mean the well defined statistical coefficient (16), but just some relation existing between
the outcomes of the two random variables.



14

state. Therefore, since they do not carry any information about past states, Markovian processes are

also called memoryless processes.

It is straightforward to show that any Markovian process is also divisible, since it provides a

direct way to satisfy the Chapman-Kolmogorov condition. There is a natural intuition to this result:

in a Markovian process the correlation between any two non-consecutive instants of time is just the

consequence of the correlations between the consecutive instants of time that connect them, so the

process has to be divisible.

It is also clear that we must check the whole family of joint probabilities in order to determine

if a stochastic process is Markovian or not. This means that despite the bipartite marginals being

sufficient for us to verify if a process is divisible, they are not sufficient for us to verify if the process

is Markovian. This reveals an important aspect of Markovianity: Markovianity is a property related

to the multi-time correlations of a given stochastic process.

Examples - We shall present some examples of stochastic processes to illustrate the aforemen-

tioned properties. In order to keep things simple, these processes have three instants of time and only

two possible events at each time, which are denoted by 0 or 1.

1) Consider a process where the outcome 1 either happens in only one of the instants or in all three

of them, with the following probability distribution (8)

x0 x1 x2 p
1 0 0 1/4
0 1 0 1/4
0 0 1 1/4
1 1 1 1/4

The bipartite marginals are given by p(xi = a, ti;xj = b, tj) = 1/4 for i, j = 0, 1, 2, with

i ̸= j and a, b = 0, 1. It is easy to verify that these marginals satisfy Eq. (2.6), but the joint

probability does not satisfy Eq. (2.7), so the process is divisible but non-Markovian.

2) Consider a process in which all the random variables are independent and identically dis-

tributed, so that the family of joint probabilities is given by

p(x0 = a, t0;x1 = b, t1;x2 = c, t2) = 1/8, for all a, b, c = 0, 1. (2.8)

The bipartite marginals for this process are exactly the same as those of the last example, which

means this process is also divisible. The main difference is that the joint probability in this case
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satisfies Eq. (2.7), so this is actually a Markovian stochastic process, as we would expect.

3) Consider a stochastic process in which the outcomes of instants t0 and t2 are always the same,

but they are independent of the outcome of instant t1, such that the joint probability has the

following distribution.

x0 x1 x2 p
0 0 0 0.1
0 1 0 0.2
1 0 1 0.3
1 1 1 0.4

The marginals in this case are given by

x0 or x2 x1 p
0 0 0.1
0 1 0.2
1 0 0.3
1 1 0.4

and p(x0 = 0, t0;x2 = 0, t2) = 0.4, p(x0 = 1, t0;x2 = 1, t2) = 0.6. We can show that

these marginals do not satisfy Eq. (2.6), so this stochastic process is not divisible. As we

could already see from the beginning, since x0 and x2 are clearly correlated, this process is not

Markovian.

Description of the process - As it was also shown in the examples above, the family of bipartite

marginals provides an incomplete description of the stochastic process. The processes from examples

1) and 2) have the same marginal distributions, but one of them is Markovian and the other one is not.

When we average the joint probabilities over time steps in order to obtain the bipartite marginals we

lose information about the multi-time correlations, which would be necessary for us to verify if the

process is Markovian and we are left just with a family of two-time correlations.



16



17

3 Quantum Dynamical Mappings

In this chapter we present the formal structure of quantum theory and then, by noticing its similar-

ities with stochastic processes theory, we construct the framework of quantum dynamical mappings.

We also discuss why it is not possible to naturally extend the concept of Markovianity from stochastic

processes to quantum dynamical mappings.

Quantum theory - Any physical system S is associated to a Hilbert space HS , called the state

space of the system. Let L(HS) be the space of all linear operators acting on HS . The state of the

system is fully described by a density operator ρ ∈ L(HS), i.e., a linear operator that is also positive

semidefinite and has unitary trace5. Given another system E, whose state space is HE , the state space

of the composite system SE is the tensor product HS ⊗HE of the state spaces of its subsystems. (18)

A measurement is described by a set {Mm} of measurement operators. The probability of obtain-

ing the outcome m when measuring the state ρ is p(m) = Tr
[
M †

mMmρ
]

and the state of the system

after obtaining this outcome is ρm =MmρM
†
m/p(m).

The dynamics of any closed quantum system is generated by a Hermitian operator H , which is

called the Hamiltonian of the system. Given the Hamiltonian H and the initial state ρ(t0), we can

solve the Schrödinger equation

∂ρ

∂t
= − i

ℏ
[H, ρ] (3.1)

and obtain the state of the system at any time.

The statement above should be taken as the definition of a closed quantum system. It is wrong to

state that closed systems are those that do not interact with any other system. If the evolution of the

system due to this interaction can be described by some Hamiltonian, it still is a closed system. Any

quantum system that is not closed is called an open quantum system.

Open system dynamics - The evolution of open quantum systems is not mentioned on the pos-

tulates that define quantum theory as it can be derived from them. Given our system of interest S, if

we consider that it is coupled to another system E, its environment, such that the composite system is

closed6, then the global dynamics can be calculated via the Schrödinger equation and we obtain the

dynamics for S just by discarding the environment degrees of freedom7. This is what we shall call

5A positive semidefinite operator is one whose eigenvalues are real and non-negative. The unitary trace condition is
simply Tr[ρ] = 1.

6The fact that we can always find an environment such that the composite system is closed is a consequence of the
Stinespring-Kraus theorem. (19) We shall discuss more about this theorem in the next chapter.

7The mathematical tool to do this is the partial trace. (18)
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the subsystem dynamics approach.

Although this approach provides us an exact solution for the evolution of some systems and an

approximate one for most of them, it is not so useful when we want to study large classes of physi-

cal systems. Finding the evolution of every single system individually and then trying to investigate

general properties is an exhausting task in most cases. Therefore, we should seek a framework that

generally describes the evolution of open quantum systems without specifying the details of the phys-

ical system we are working with. (20)

In order to achieve this goal, we notice that the way quantum theory and stochastic processes

theory describe states and evolutions are intimately related. Thus, we shall borrow some tools from

the latter formalism, like the evolution via linear operators and the divisibility property, and use them

in the former, as depicted in the next sections.

States - Since the density operator ρS describing the state of a quantum system is positive semidef-

inite, it has a spectral decomposition

ρS =
∑
i

p(xi) |ψi⟩ ⟨ψi| , (3.2)

where |ψi⟩ ⟨ψi| are projectors into its eigenspaces and p(xi) are its eigenvalues, which can be regarded

as probabilities due to the positivity of ρS . Therefore, the state of any quantum system can be uniquely

associated to some probability vector p(xi) = (p(x1), p(x2), ..., p(xn)), which as well describes the

state of some suitable stochastic process. This is the fundamental bridge between the two theories.

Evolution - For any stochastic process, the state of the process at any time t might be obtained by

means of a transition matrix T (t, t0) acting on the initial state p(x0, t0). Analogously, the state of any

quantum system at some time t is related to the initial state ρS(t0) by some quantum channel E(t, t0).

Since quantum states are described by density operators, we could use super operators that map

density operators into density operators to describe the evolution of quantum systems. These super

operators are what we call quantum channels. (19) They must have the following properties:

• linearity, ensuring they map linear operators into linear operators;

• trace preservation, in order to map unitary traced operators into unitary traced operators;

• complete positivity, so they map positive semidefinite operators into positive semidefinite oper-

ators.

To be more precise, super operators that map positive operators into positive operators are called

just positive. However, if we a have a density operator of a composite system and apply a positive
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super operator only in a subsystem and do nothing on the rest, the resulting operator describing the

state of the subsystem might not be a positive one, which does not make physical sense. In order to

be sure that such a thing will not happen, we require the tensor product of the quantum channel and

the identity super operator of any other Hilbert space to be a positive super operator. This is what we

call complete positivity.

Linearity and trace preservation are rather straightforward to be secured. Complete positivity, on

the other hand, requires that we severely restrict the set of possible initial system-environment states,

so that the evolution is consistent with the subsystem dynamics approach. (21)

The fact that most states in which the system of interest is entangled with its environment cannot

be mapped into positive operators by means of a super operator is a well known problem of the quan-

tum channel formalism that we shall not discuss here8 Instead, we will avoid this issue by considering

that our initial system-environment state ρSE(t0) is always a product state, such that there will always

exist a quantum channel E(t, t0) mapping the initial state ρS(t0) of the system to any later time t

ρS(t) = E(t, t0)ρS(t0). (3.3)

Since non-trivial dynamics usually entangle the system and the environment, in general the interme-

diate quantum channels E(t, t′), for t0 < t′ < t, are not well defined.

Quantum dynamical mappings - The discrete-time evolution of any quantum system can be

described by a complete family of quantum channels M = {E(ts, t0)}ns>0, which is called a quantum

dynamical mapping. This is a widely used approach in the quantum information field due to its

generality in describing the evolution of open quantum systems.

Divisibility - A quantum dynamical mapping M = {E(tn, t0)}ns>0 is called divisible if the in-

termediate super operators E(ts, tr) are well defined quantum channels and satisfy the Chapman-

Kolmogorov condition

E(ts, t0) = E(ts, tr)E(tr, t0). (3.4)

Markovianity - Given that the quantum dynamical mappings formalism is widely used in quan-

tum information theory, having a good definition of a Markovian quantum dynamical mapping would

be of great importance to the field, since it would indicate which physical processes keep information

from past states and which are memoryless.

However, a problem emerges at this point: there is a fundamental difference on how measurements

8For more on this topic see, for example, Ref. (21)
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occur in each theory. In the stochastic processes formalism a measurement result is just an element

taken from a set of possible results (the sample space). In quantum theory, on the other hand, there

are infinitely many possible measurements that can be performed in any given quantum system. This

means that the measurement result does not only depend on which element was taken from the set of

possible results, but also on which measurement was performed.

Since the choice of the measurement depends on an external agent, an experimenter, which is

not described by the theory, it is apparently not possible to define a quantum analog of conditional

probabilities. Without such a definition there is no natural way to extend the concept of Markovianity

from stochastic processes to quantum dynamical mappings.

The best thing that can be done is proposing a definition for quantum Markovianity that resembles

some aspects of the classical case. In the literature there are many non-equivalent definitions in this

sense, some of which we shall present and discuss in the following chapter.
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4 Quantum Markovianity

In this chapter we present some of the main definitions of quantum Markovianity proposed in the

literature and discuss why it is not possible to properly define Markovianity for quantum dynamical

mappings. In the end we briefly introduce an alternative framework in which such a definition is made

possible.

RHP definition - Rivas, Huelga and Plenio suggested that Markovianity should be taken as equiv-

alent to divisibility. (8) The reason for this comes from the Stinespring-Kraus theorem. This theorem

states that the evolution given by any quantum channel is equivalent to the evolution obtained by a

subsystem dynamics approach for some suitable finite-dimensional environment and global Hamilto-

nian. It follows that, for some experimenter with access only to the system, any divisible dynamics

is completely indistinguishable from a dynamics in which the system and the environment interact at

each time step and then the environment is discarded. Therefore, the environment cannot keep infor-

mation about past states of the system, which means that there should be no memory effects during

the dynamics.

BLP definition - Breuer, Laine and Piilo proposed a definition of Markovianity based on an

information quantifier. (9, 22) The key idea here is that a measure of distinguishability can be taken

as a good measure of information, since the more information an experimenter has about a system,

the easier it is for it to distinguish any two given states of that system.

Their measure of distinguishability is constructed as follows. Suppose Alice prepares a quantum

system in one of two possible states ρ1 and ρ2 with equal probability and give it to Bob. Bob can

perform a measurement in the system he received and guess which one was. The probability that Bob

guesses correctly is a linear function of D(ρ1, ρ2), the trace distance between the two states.

With this in mind, we can postulate that a process is Markovian if and only if the trace distance

between any pair of states is monotonically non-increasing along the dynamics. This means that the

amount of information the experimenter has about the system only decreases with time in a Markovian

process.

It has been shown that this definition of Markovianity is weaker than divisibility. This means that,

according to the BLP definition, divisibility would imply Markovianity, but the converse might not

hold.

Guessing probability - Buscemi and Datta generalized the aforementioned information quantifier



22

by considering the guessing probability, which is the probability of distinguishing elements of an

ensemble {ρx; p(x)}9. (23) In the particular case that the ensemble is constituted only by a pair of

equiprobable states we return to the trace distance measure.

It was shown that the guessing probability is monotonically non-increasing along some dynamics

if and only if the dynamics is divisible. This means that if we define Markovian processes as those in

which the guessing probability is monotonically non-increasing, we are at the same time generalizing

the BLP definition and recovering the RHP definition.

The last result indicates that any non-divisible dynamics will necessarily show memory effects that

can be detected by means of the guessing probability. On the other hand, as we already discussed, the

Stinespring-Kraus theorem provides a strong argument on why there should be no memory effects in

a divisible dynamics. Therefore, it may look like we have reached an end to the discussion: quantum

Markovianity should be taken as equivalent to divisibility.

Non-correspondence between the formalisms - There is, however, one aspect of this last defi-

nition that can be considered an issue. If we are assuming that the stochastic processes formalism is

a particular case of quantum dynamical mappings, namely, the one obtained when we fix one mea-

surement for each time step, we should expect all divisible stochastic processes to be Markovian, as

it is the case for quantum dynamical mappings. However, as already discussed, there are divisible

stochastic processes that are non-Markovian.

After a thorough analysis of the structure of both formalisms, it turns out that the problem was

in the first assumption we made: stochastic processes are not a particular case of quantum dynamical

mappings. Besides all the aforementioned similarities between the two theories, quantum dynamical

mappings way of describing the process is somewhat simpler than that of stochastic processes.

If we fixed one measurement for each time step of some quantum dynamical mapping we would

obtain a description of the dynamics of the quantum system that is equivalent to that of transition

matrices for stochastic processes. (15) As we mentioned in Chapter 2, this is the same as a description

based on bipartite marginal distributions, which means that quantum dynamical mappings describe

processes by means of a set of two-time correlations. As we discussed back there, it is possible to

determine if a process is divisible just with its marginal distributions, therefore it makes sense that the

definition of divisibility for quantum dynamical mappings can be directly extended from stochastic

processes.

9An ensemble {ρx; p(x)} is simply a set of pairs constituted by a state ρx and a probability px of that state occurring.
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On the other hand, we also showed that it is not possible to determine if a process is Markovian just

by checking its bipartite marginals as we must have the joint probabilities to do so. That is the reason

why we cannot properly define Markovianity for quantum dynamical mappings. Since Markovianity

is a property on the multi-time correlations of the process and quantum dynamical mappings only

carry two-time correlations, it does not make much sense to say if a quantum dynamical mapping is

Markovian or not.

If we insist on having such a definition, we could say that Markovianity of quantum dynamical

mappings should address the only multi-time correlations that exist in its description, i.e., the two-

time correlations. In this case, Markovianity should simply be equivalent to divisibility, which is the

conclusion at which we had arrived by examining the definitions proposed in the literature.

Notice that none of this means that there are no multi-time correlations in quantum processes, it

just means that we lose information about such correlations when we use quantum dynamical map-

pings to describe the process, the same thing that happens in stochastic processes when we average

joint probabilities over time steps to obtain the bipartite marginals.

Therefore, if we had a framework that generalized the joint probabilities description to the quan-

tum case, where there are many possible measurements at each time step, these multi-time correlations

would not be lost and we would be able to rigorously define quantum Markovianity.

Process tensor - It turns out that such a description of quantum processes already exists and is

known as the process tensor framework. The process tensor is the mathematical object that carries all

the information about the unitary evolution of the global (system plus environment) state between the

instants of time. It also provides the initial global state.

At each time, the system might undergo a control operation that is performed by an external agent.

This control operation is anything that can be represented by a completely positive linear operator,

like a deterministic evolution, a measurement, a preparation of a new state, or some combination of

those. The information of which control operations are performed at each instant of time is given in

another tensor, which we could call the operations tensor.

This way, we perfectly split the contributions of the uncontrolled environment (process tensor)

from the contributions of the controlled operations (operations tensor). The final state of the system

is obtained by simply contracting the tensors10.

10We have just presented the basic ideas and motivations behind the process tensor framework. For a rigorous mathemat-
ical definition see, for example, Refs. (24, 25)
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With this approach there are no issues with initial system-environment correlations. For any initial

global state and any global dynamics the result will be a well defined density operator describing the

final state of the system.

Since the process tensor carries multi-time correlations it is possible to have a good definition of

quantum Markovianity. First of all, suppose that at some point of the process we discard the state of

the system and prepare a fresh new one, independent of the one we just discarded, and put on its place.

This is what we call a causal break. Now, we define: a quantum process is Markovian if, after any

causal break and for any sequence of control operations, the final state of the system is independent

of the control operations performed before the causal break.

If we choose each control operation to be a fixed measurement, then we are back to stochastic

processes. It can be shown that in this case the process tensor is equivalent to a complete family of

joint probabilities and that our definition of Markovianity reduces to the one we already knew for

stochastic processes. (24)

Therefore, we could say that the process tensor solves the two main problems of quantum dynami-

cal mappings: the initial correlations restriction and the definition of Markovianity. For this reason the

process tensor framework might be considered far more adequate than quantum dynamical mappings

for most informational analysis of quantum systems11.

11Due to its extremely recent formalization, there are not yet many works in the literature that use the process tensor
framework. A few of them can be found in Refs. (25, 26, 27)
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5 Conclusions

In this undergraduate thesis we introduced both stochastic processes and quantum theory for-

malisms and discussed the importance of obtaining a general description for the evolution of open

quantum systems. We then extended some concepts of stochastic processes to quantum theory and

constructed the framework of quantum dynamical mappings, which is a powerful and widely used

tool for describing the dynamics of open quantum systems.

It was also shown that, despite the natural generalizations of the transition matrix and the divisi-

bility property to the quantum case, it is not possible to directly extend the concept of Markovianity

from stochastic processes to quantum dynamical mappings. Such an extension would be key for the

analysis of information flow in quantum systems and could have a deep impact in our understanding

of the behavior of open systems.

We thus presented some of the main proposals of definitions of quantum Markovianity that can be

found in the literature and explained how they are all inconsistent with the definition of Markovianity

for stochastic processes. Then, it was discussed that the problem of defining Markovianity for quan-

tum dynamical mappings has its roots on the structure of the formalism: its description is based on a

family of two-time correlations while Markovianity is about multi-time correlations.

Finally, we briefly presented the process tensor framework, which is a rather new approach to the

description of open quantum systems dynamics. Since the process tensor carries multi-time correla-

tions, it enables us to define quantum Markovianity in a natural way that is a consistent generalization

of the stochastic processes case. Therefore, this framework presents itself as a more adequate one for

studying quantum systems from an informational point of view.
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